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Ž .Let E be a separable uniformly smooth Banach space and let A: D A : E “ E
be a K-positive definite operator. Let f g E be arbitrary. A new iterative method
is constructed which converges strongly to the unique solution of the equation
Ax s f. Our work extends some of the known results due to Chidume and Osilike,
and Chidume and Aneke. Q 1999 Academic Press
1. INTRODUCTION
Let H be a separable Hilbert space and let H be a dense subspace of1
Ž .H. An operator A with domain D A = H is called continuously H -in-1 1
Ž .¤ertible if the range of A, R A , with A considered as an operator
Ž .restricted to H is dense in H and A has a bounded inverse on R A .1
Suppose H is a separable and complex Hilbert space and A is a linear
Ž .unbounded operator defined on a dense domain D A in H with the
Ž .property that there exist a continuously D A -invertible closed linear
Ž . Ž .operator K with D A : D K , and a constant k ) 0 such that
² : 5 5 2Au, Ku G k Ku , u g D A , 1Ž . Ž .
Ž . Ž w x.then A is called a K-positi¤e definite Kpd operator see 3 .
w xIn 3 , Petryshyn studied the operator equation Au s f , f g H, where H
is a complex separable Hilbert space and A is a Kpd operator with domain
in H. He proved the following theorem:
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Ž . Ž .THEOREM P. If A is a Kpd operator and D A s D K then there exists a
Ž .constant a ) 0 such that, for all u g D K ,
5 5 5 5Au F a Ku .
Ž .Furthermore, the operator A is a closed, R A s H, and the equation
Au s f , f g H, has a unique solution.
w xIn 1 , Chidume and Aneke extended the notion of a Kpd operator to
real separable Banach spaces E with strictly convex dual E* and then
proved the following theorem:
THEOREM CA1. Let E be a real separable Banach space with a strictly
Ž .con¤ex dual E* and let A be a Kpd operator with D A s E. Assume that
Ž . w xcondition 6 of 1 is satisfied. Then there exists a constant a ) 0 such that,
Ž .for all x g D A ,
5 5 5 5Ax F a Kx . 2Ž .
Ž .Furthermore, the operator A is closed, R A s E, and the equation Ax s h,
for each h g E, has a unique solution.
Ž .In the special case of Theorem CA1 in which E s L or l spaces withp p
p G 2, and is separable, the authors constructed an iteration process which
converges strongly to the unique solution, pro¤ided A and K commute.
w xVery recently, Chidume and Osilike 2 extended the above convergence
Ž w x. Ž .result see 1 from L or l , p G 2, to separable q-uniformly smoothp p
Ž .real Banach spaces q ) 1 . This class of Banach spaces includes the Lp
Ž .or l spaces for 1 - p - q‘. Moreover, the commutativity assumptionp
w x w xon A and K imposed in 1 was dropped in 2 .
In this paper, we construct a new iterative method and extend the
w xresults of 2 from separable q-uniformly smooth real Banach spaces,
q ) 1, to separable uniformly smooth real Banach space.
2. THE RESULTS
Let E be a real Banach space with a dual space E*. The normalized
duality mapping J: E “ 2 E* is defined by
² : 5 5 2 5 5 2J x s f * g E* : x , f * s x s f *Ž .  4
Ž .for any x g E. By the Hahn]Banach theorem, J x is nonempty for any x
in E. If E* is strictly convex, then J is single-valued and such that
Ž . Ž . Ž . Ž .J yx s yJ x , J tx s tJ x for all t ) 0, x g E.
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w xFollowing Chidume and Aneke 1 we have the following definition:
DEFINITION. Let E be a real Banach space and let A be a linear
Ž .unbounded operator defined on a dense domain, D A , in E. The opera-
Ž .tor A is called Kpd if there exist a continuously D A -invertible closed
Ž . Ž .linear operator K with D A : D K , and a constant c ) 0 such that, for
Ž . Ž .j Ku g J Ku ,
² : 5 5 2Au, j Ku G c Ku , u g D A . 3Ž . Ž . Ž .
In the sequel we need the following lemmas.
w xLEMMA 1 4 . If E* is uniformly con¤ex then there exists a continuous
nondecreasing function
b: 0, ‘ “ 0, ‘. .
such that
b 0 s 0, b ct F cb t for all c G 1Ž . Ž . Ž .
and
5 5 2 5 5 2 ² : 5 5 5 5 5 5 4x q y F x q 2 y , J x q max x , 1 y b y 4Ž . Ž .Ž .
for all x, y in E.
w x  4‘LEMMA 2 5 . Let b be a nonnegati¤e sequence satisfyingn ns1
b F 1 y d b q s , n s 1, 2, . . . , 5Ž . Ž .nq1 n n n
w x ‘ Ž .with d g 0, 1 , Ý d s ‘, and s s o d . Then b “ 0 as n “ ‘.n ns1 n n n n
It is well known that E is uniformly smooth if and only if E* is
uniformly convex and that uniform convexity implies strict convexity.
Now we prove the following theorem.
THEOREM 3. Let E be a real uniformly smooth separable Banach space,
Ž . Ž . Ž .and let A: D A : E “ E be a Kpd operator with D A s D K . Suppose
² : ² :Ax , J Ky s Kx , J AyŽ . Ž .
Ž .  4‘for all x, y g D A . For arbitrary f g E, define the sequence x itera-n ns0
Ž .ti¤ely from an arbitrary x g D A by0
x s y q t g , n G 0, 6Ž .nq1 n n n
g s Ky1 f y Ky1Ay , n G 0, 7Ž .n n
y s x q r m , n G 0, 8Ž .n n n n
m s Ky1 f y Ky1Ax , n G 0, 9Ž .n n
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1
0 F t , r F , n G 0, 10Ž .n n 2c
lim r s 0, 11Ž .n
n“‘
‘
t s ‘ and lim t s 0, 12Ž .Ý n n
n“‘ns0
2c 2c
b a t F , b a r F , n G 0, 13Ž . Ž . Ž .n nBa Ba
Ž . Ž . Ž .where b t is as in 4 , a is the constant appearing in inequality 2 , c is the
Ž .constant appearing in inequality 3 , and
5 5B s max 1, Km . 14 4 Ž .0
 4‘Then x con¤erges strongly to the unique solution of Ax s f.n ns0
Proof. The existence of a unique solution to Ax s f follows from
Theorem CA1, after observing that the strict convexity assumption on E*
Ž . Ž .was needed only to ensure that J is single-valued. Using Eqs. 6 ] 9 and
the linearity of A and K we obtain
Km s Kg y t Agnq1 n n n
and
Kg s Km y r Am .n n n n
Ž . Ž .Using 2 ] 4 we obtain
5 5 2 5 5 2Kg s Km y r Amn n n n
5 5 2 ² :F Km y 2 r Am , J KmŽ .n n n n
5 5 5 5 5 5q max Km , 1 r Am b r Am 4 Ž .n n n n n
5 5 2F 1 y 2cr KmŽ .n n
5 5 5 5 5 5q max Km , 1 r a Km b a r Km , 15 4 Ž .Ž .n n n n n
and
5 5 2 5 5 2Km s Kg y t Agnq1 n n n
5 5 2 ² :F Kg y 2 t Ag , J KgŽ .n n n n
5 5 5 5 5 5q max Kg , 1 t Ag b t Ag 4 Ž .n n n n n
5 5 2F 1 y 2ct KgŽ .n n
5 5 5 5 5 5q max Kg , 1 t a Kg b a t Kg . 16 4 Ž .Ž .n n n n n
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5 5 5 5 Ž .Now we will prove Kg F B, Km F B n G 0 by induction on n.n n
Ž .By 14 , we have
5 5Km F B. 17Ž .0
Ž . Ž .Using 15 and 17 we obtain
5 5 2 2 3Kg F 1 y 2cr B q B a r b a rŽ . Ž .0 0 0 0
F 1 y 2cr B2 q 2cr B2 by 13Ž . Ž .Ž .0 0
s B2 .
So
5 5Kg F B.0
5 5 5 5For the induction hypothesis, suppose Kg F B, and Km F B arem m
Ž .true for m G 0. Thus, by 16
5 5 2 2 2Km F 1 y 2ct B q B a t b a t BŽ . Ž .mq 1 m m m
F 1 y 2ct B2 q B2 t Ba b a tŽ . Ž .m m m
F 1 y 2ct B2 q 2ct B2 by 13Ž . Ž .Ž .m m
s B2 .
Ž .Similarly, by 15
5 5 2 2Kg F B .mq 1
So
5 5 5 5Kg F B , Km F B , n G 0. 18Ž .n n
Ž .By using 10 , we obtain
 44ct r F 2 min t , r F t q r ;n n n n n n
thus
1 y 2ct 1 y 2cr F 1 y c t q r . 19Ž . Ž . Ž . Ž .n n n n
Ž . Ž . Ž . Ž .From 15 , 16 , 18 , and 19 we obtain
5 5 2 5 5 2Km F 1 y 2ct 1 y 2cr KmŽ . Ž .nq1 n n n
q 1 y 2cr B3a t b a t q B3a r b a rŽ . Ž . Ž .n n n n n
5 5 2F 1 y c t q r KmŽ .Ž .n n n
q B3a t b a t q r b a r . 20Ž . Ž . Ž .Ž .n n n n
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5 5 2 Ž . 3 Ž Ž . Ž ..Set b s Km , d s c t q r , and s s B a t b a t q r b a r .n n n n n n n n n n
Ž .Then 20 yields
b s 1 y d b q s .Ž .nq1 n n n
w x ‘It is easy to see that d g 0, 1 , and Ý d s ‘. Sincen ns1 n
s B3a t rn n n
lim s lim b a t q b a rŽ . Ž .n nž /d c t q r t q rn“‘ n“‘n n n n n
B3a
F lim b a t q b a rŽ . Ž .Ž .n nc n“‘
s 0.
5 5By Lemma 2, we assert that b “ 0 as n “ ‘, i.e., Km “ 0 as n “ ‘.n n
Ž .Since K is continuously D A -invertible, there exists u ) 0 such that
5 5 5 5Kx G u x ; x g D K . 21Ž . Ž .
This inequality yields that m “ 0 as n “ ‘, i.e., Ax “ f as n “ ‘.n n
Since A has a bounded inverse, this implies x “ Ay1 f , the uniquen
solution of Ax s f. The proof is complete.
COROLLARY 4. Let E be a real uniformly smooth separable Banach space,
Ž . Ž . Ž .and let A: D A : E “ E be a Kpd operator with D A s D K . Suppose
² : ² :Ax , J Ky s Kx , J AyŽ . Ž .
Ž .  4‘for all x, y g D A . For arbitrary f g E, define the sequence x itera-n ns0
Ž .ti¤ely from an arbitrary x g D A by0
x s x q t g , n G 0, 22Ž .nq1 n n n
g s Ky1 f y Ky1Ax , n G 0, 23Ž .n n
1
0 F t F , n G 0, 24Ž .n 2c
‘
t s ‘ and lim t s 0, 25Ž .Ý n n
n“‘ns1
2c
b a t F , n G 0, 26Ž . Ž .n Ba
Ž . Ž . Ž .where b t is as in 4 , a is the constant appearing in inequality 2 , c is the
Ž .constant appearing in inequality 3 , and
5 5B s max 1, Kg . 27 4 Ž .0
 4‘Then x con¤erges strongly to the unique solution of Ax s f.n ns0
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Proof. Set r s 0 for all n G 0 in Theorem 3. Then the conclusion ofn
Corollary 4 follows from Theorem 3.
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